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Nilov Feodor 

lyceum "The Second school" 

Abstract. 

Main Theorem. Two parabols have four common points. There exists a circle tangent to 
the sides of the obtained parabolic quadrilateral if and only if the diagonals of this quadrilateral 
are orthogonal. 

The proof of the Main Theorem is elementary and purely synthetic. It is based on the 
following lemma. 

Lemma 1. Assume that a parabola is tangent to a circle at points A and B. A point P of 
the plane lyes on the parabola if and only if the distance from the point P to the line AB equals 
to the length of the tangent from P to the circle. 

Corollary 1. Each parabolic quadrilateral as above is affine equivalent to a parabolic quadrilateral 
which is simultaneously inscribed and circumscribed. 

Corollary 2. A parabola and a circle have four common points A, B, C , D. Denote by L 
the intersection point of diagonals AC and BD of quadrilateral ABCD. Then the bissector of 
the angle CLD is parallel to the axis of the parabola. 

Proposition 1. Two parabols have four common points lying on a circle. Then the intersection 
point of the axes of these parabols is the barycentre of the four points. 



-^This paper is prepared under the supervision of A.Zaslavski and is submitted to a prize of the Moscow 
Mathematical Conference of High-school Students. Readers are invited to send their remarks and reports to 
mmks@mccme.ru. 
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nAPABOJIHHECKHE MHOrOyrOJIbHHKH 



Hhjiob Oe^op 

jiHn,eH "Biopaa niKOJia" 

B 3T0H pa6oTe ^OKaabiBaeTca necKOJibKO TeopeM o KpHBOJiHHeiiHOM napa6ojiHHecKOM neTbi- 
pexyrojibHHKe. 

OcHOBHaa TeopeMa. ^ee napa6oAU nepeceKatomcH e uemupex moHKax. B noAyneHHUu 
"napa6oAUHecKuu Hemupexy20AbHUK"MoafCHO enucamb OKpyotcHocmb mosda u moAbKO mosda, 
Kosda eso duazonaAU nepnenduKyAJipnu. 

Ho-BH^HMOMy, 3T0T KpaCHBblH (J)aKT HeH3BeCTeH, HTO nOflTBepjKflaeTCa MHeHHeM aBTOpOB 

pa6oT [1, 2]. 

OopMyjiHpoBKH ocTajibHbix pesyjibTaTOB. 

napa6oAUHecKUM nemupexysoAbHUKOM HaaoBCM c|)Hrypy, aBjiaiomyioca nepeceMenHeM flByx 
HacTBH njTOCKOCTH, KajK^aa h3 KOTopbix orpaHHMena napaSojioii, npHMCM 3th flBe napa6ojibi 
nepeceKaiOTca b neTbipex ToneK 

Cjie^CTBHe 1. JI1060U napa6oAUHecKuu uemupexyzoAbHUK mooicho nepeeecmu u^^uhhum 
npeo6pa3oeaHueM eo enucaHHO-onucaHHUu napa6oAUHecKuu HemupexyeoAbHUK. 

H3 cjieflCTBHa 1 6yfleT BbiBe^eH eme o^hh peayjibTaT, cjie^CTBHe 4. Ho cnaHajia c(|)opMy- 
jiHpyeM cjie^yiomHH HHTepecHbifi 4)aKT, KOTopbiii npHBO^HTca k nacTHOMy cjiynaio cjie^CTBHa 
4. 

Cjie^CTBne 2. TlapadoAa u OKpyowMocmb nepeceKammcH e uemupex moHKax A, B , C u 
D. 06o3HaHUM moHKy nepeceueHUM duazonaAeu uemupexyzoAbHUKa ABCD uepea L. Tozda 
6ucceKmpuca ysAci CLD napaAACAbua ocu napa6oAU. 

Cjie^yiomee yTBep>K/xeHHe 6y^eT BbiBefleno h3 cjie^CTBHa 2. 

Cjie^CTBHe 3. /(ee napa6oAU nepecenaiomcH e uemupex monnax, Aeotcaiu^ux na odnou 
OKpyotcHocmu. Tozda mouKa nepeceuenuM oceu napa6oA coenadaem c v^eumpoM mHMcecmu 
smux uemupex moueK. 

ripaMaa EF Ha3biBaeTca oceeou npsiMOU BbinyKjioro ^eTbipexyrojibHHKa ABCD, ecjiH ona 
npoxo,T,HT Mepes TOHKy nepece^enHa ^HaroHajieii HeTbipexyrojibHHKa h nepeceKaeT npaMbie, 
co;],ep>KainHe CTopoHbi AB h CD b TOHKax E m F, fljia KOTopbix AE/EB — FD/CF. OceBaa 
npaMaa neTbipexyrojibHHKa 3aBHCHT ot HyMepaii;HH BepniHH. 

PaccMOTpHM a4)4)HHHoe npeoSpasoBaime, KOTopoe nepeBO^HT neTbipexyrojibHHK ABCD 
BO BBHcanHbiii neTbipexyrojibHHK A' B'C D' . Tor/ia oceBaa npaMaa neTbipexyrojiBHHKa ABCD 
npH TaKOM npeo6pa30BaHHH nepeH^eT b SncceRTpHcy yrjia C'L'D', r^e L' — TOHKa nepecenenHa 
flHaronajien A'B'C'D' . 

Cjie^CTBHe 4. Ha napa6oAe Aeotcam uemupe mouKU A, B, C u D. Tozda ocb napa6oAU 
napaAAeAbua oceeou npHMOU uemupexysoAbHuna ABCD. 

Cjieflyiomee yTBepjKflenHe 6yfleT BbiBe^eHO h3 jicmmbi 1, cc|)opMyjiHpoBaHHOH HHJKe. 

YTBep^c^eHHe 1. FAaenue duazouaAU onucaHHOzo napa6oAuuecK020 mecmuyzoAbHUKa ne- 
peceKatomcH e odnou moune. 

CjieflyK)Tn,ee yTBep>K,T,eHHe npHHa^Jie^KHT A.B. AKonany h A. A. 3acjiaBCK0My. 51 npHBOJKy 
flpyroe flOKa3aTejibCTBO, ocHOBanHoe na cjie;i;cTBHH 2 h jigmmg 1, c(i)opMyjiHpoBaHHOH ^ajiee. 
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TeopeMa. Bnympu OKpycHCHOcmu eanma mouKa X. Hepes nee npoeodnmcn N xopd, de- 
AHVj^ue nAOCKOcmb na 2N paenux ysAoe. Hepea kohv^u naotcdou xopdu npoeodumcH napa6oAa, 
Kacatovj^aHCH OKpyotcHocmu e amux KOHV^ax. Tosda eepiuuHU napa6oAUHecK020 2N -ysoAhuuna, 
noAyuawLnesocH npu nepeceuenuu amux napa6oA, Aeotcam na odnou OKpyotcHocmu. 



C4)opMyjiHpyeM jieMMy 1, na KOTopofi ocHOBano ^OKaaaTejibCTBO ochobhoh TeopeMbi. 

JleMMa 1. /(ana napa6oAa, KacamvuaHCH OKpyotcHocmu e moHKax A u B. UpouaeoAtHaH 
moHKa P nAOCKOcmu Aeotcum na amou napa6oAe mosda u moAbKO mosda, Kosda paccmoHHue om 
moHKU do npHMOu AB paeno dAune KacameAbHou, npoeedeuHou us mouKU P k OKpyotcHocmu. 

T^OKaaaTejibCTBO 3toh jieMMbi npHBe^eM no3JKe. 

/(oKasameAbcmeo nacmu "moAbKO mozda" ochoguou meopeMU. 06o3HaMHM tohkh Kacanna 
OKpyjKHOCTH, BnHcaHHoii B napaSojiHHecKHH neTbipexyrojibHHK, c o^Hoii napaGo.rroii Mepes K 
H L, a c flpyroH — nepea M n N. PaccMOTpHM Oflny h3 BepniHH A napaSojiH^ecKoro neTbi- 
pexyrojibHHKa. Ha HacTH "lOJibKO Torfla"jieMMbi 1 cjieflyeT, mto paccTOHHHa ot tohkh A flo 
npaMbix KL h MN paBHbi ^Jinne KacaTejibHoii, npoBe^enHofi us A k OKpyjKHOCTH. SnanHT, 
BepniHHa A paBiioy;i;ajTeiia ot npaivibix KL h MN. AnajiornHHoe Bepno h p.jisi ;i,pyrHx BepniHH. 
riocKOJibKy npHMbie, co,T,ep>KaTTJ,He SncceRTpHCbi yrjiOB, oSpaaoBanHbix npaMbiMH KL h MN, 
aBjiaiOTca flHaronajiaMH neTbipexyrojibHHKa ABCD, to flHaronajiaMH 3Toro HeTbipexyrojibHH- 
Ka nepneHflHKyjiapHbi. 



OcHOBHaa H^ea ^OKaaaTejibCTBa nacTH 'Tor^a' ochobhoh TeopeMbi npHHa^jiejKHT A. A. 3a- 
cjiaBCKOMy. 

/JoKasameAbcmeo uacmu 'mosda' ochoghou meopeMU. HycTb ABCD — HapaSojinnecKHH 
HeTbipexyrojTbHHK c nepneHflHKyjiapnuMH ^HaroiiajiaMH. OSoananHM ^lepes L tohkv nepece- 
^enna ero flHaronajieii. HsBecTHO, hto npoeKn,HH tohkh L na npaMbie AB, BC, CD h DA 
jiejKaT Ha oflHoii OKpyjKHOCTH. ^OKajKeM, hto 3Ta OKpyjKHOCTb BHHcaHa B napa6ojiHHecKHH ne- 
TbipexyrojibHHK. Mojkho CHHTaTb, hto cyHi;ecTByeT Taxaa npaiviaa li, HpoxoflaHi;aa nepea TOHKy 
L, HTO paccToaHHe a ot 3toh npaMoii ^o tohkh A panno ^Jinne KacaTejibHoii ta na tohkh A k 

OKpyjKHOCTH. 

(HoKajKeM, noHeMy laxaa npaMaa cyn],ecTByeT. By^eivi CHHTaTb, ^to n,eHTp / SToii OKpyjK- 
hocth jiejKHT B Toii JKe HOJiyHjiocKOCTH OTHOCHTejibHO npaMoii BD, MTO H TOHKa A. Torfla 
ZILA ocTpbiH. CyHi;ecTBOBaHHe TaKoii npaMofi ho coo6pa5KeHHaM HenpepbiBHOCTH cjie^yeT na 
AL'^ > t^. Z[jia ji;oKaaaTejibCTBa SToro nepaBencTBa o6o3naTmM nepea r pa^nyc paccMaTpn- 
BaeMoii OKpyjKHOCTH. ToHKa L jiejKHT BnyTpn 3toh OKpyjKHOCTH. HocKOJibKy ZILA ocTpbiH, 



OSoanaHHM paccToanHa ot 3toh npaiviOH ^o KajK;i;oH na tohck B, C ^ D nepea b, c, d, a 
fljiHHbi KacaTejibHbix na tohck B, C m D k OKpyjKHOCTH nepea ti,, tc 'a t^,. 

/^OKaJKBM, MTO tb — b. 

OSoana^HM npoeKn,HK) to^ikh L na npaMyio AB ^epea H. 06oaHaHHM BTopyio TOMKy nepe- 
ceneHHa OKpyjKHOCTH h npaMoii AB Mepea X. Tor^a 



/^OKaaaTejibCTBO nacTH "tojibko Tor^a"ocHOBHOH TeopeMbi 



/^OKaaaTejibCTBO nacTH "Tor^a"ocHOBHOH TeopeMbi. 



AL^ > AP - IL^ > AP - 




+ 



tl AH- AX BX ■ BH _ AX + XB 



= 1 = 



AL2 



AHAB BHAB AB 
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2 l2 

= sin^ Z{h, AC) + cos^ Z{h,AC) = + 

3to paBGHCTBO BbinojiHeHO, nocKOJibKy 

(a) LH — BbicoTa npHMoyrojiBHoro TpeyrojibHHKa ALB, onymeHnaa na rHnoTenyay AB, a 
3HaHHT AL^ = AH-ABvi BL'^ = BH ■ AB. 

(b) AH ■ AX ^tln BX ■ BH ^ tf. 

no3TOMy a — ta BJieneT b — tj,. AnajiornHHO, c — tc n d — td. 

HocKOJibKy ^Jia npaMoii li BbinojineHO ta — a, ti, — b, tc — c n td — d, to to npaMaa I2, 
CHMMeTpHHHaa eii OTHOCHTejibHO AC TO>Ke oSjia^aei sthm >Ke cbohctbom. HosTOMy h3 nacTH 
"Torfla"jieMMbi 1 cjieflyei, hto tohkh A, B, C m D jie>KaT na flbyx napaSojiax, Kacaiomnxca 
OKpyjKHOCTH B TOHKax nepeceHeHHa npaMbix li m I2 c OKpyjKHOCTbio. HosTOMy b napa6ojiHHe- 
CKHH HeTbipexyrojibHHK ABCD mojkho BnncaTb OKpyjKHOCTb. 

JleMMa 2. 

/]^OKa>KeM jreMMy, na KOTopoH ocHOBano ,T,0Ka3aTejTbCTB0 nacTH "tojibko Tor,T,a"jTeMMbi 1. 

JleMMa 2. Ho napa6oAe deucHcemcH mouKa P. Hycmb AB — xopda napa6oAU, napaAACAb- 
Haa eii dupeKmpuce. 

(a) moHKa C nepeceuenuH nepnenduKyAHpoe, eoccmaHoeAeHHUx e moHKax A u B k npn- 
MUM PA u PB, deuotcemcH no npHMOU, napaAACAbHou AB. 

06o3HaHUM npoeKViUto moHKU na npHMym uepes H, a npoenv^vM moHKU H na npsiMue 
AP u BP uepea K u L. Tohku A, B , K u L AeMcam ua oduou OKpycucHocmu to, nocKOAbKy 
ZKLP = ZKHP = ZHAP. OdosnanuM uepea O v^eHmp onpycHCHOcmu 00. Tozda 

(b) OKpyotcHocmb u ne aaeucum om noAootcenuH moHKU . 

(c) OKpyotcHocmb uj nacaemcH napa6oAU e moHKax A u B. 

^OKaaaTejibCTBa jieMMbi 2 (a) npHBe^eivi onpe^ejienna h cc|)opMyjiHpyeM H3BecTHyio 

jieMMy. 

HyHKOM [A] npaMbix nasbiBaeTca MHOiKecTBO npaMbix, npoxo;i;aiii;HX nepes TOHKy A. 

CooTBeTCTBiie Me>K/iy ^ByMa ny^KaMH npaMbix Ha3biBaeTca npoeKmuenuM, ecjin ;i,BOHHoe 
OTHomeHne JiioSbix neTbipex npaMbix h3 Oflnoro nyHKa paBHO ;i;BOHnoMy OTHomennio neTbipex 
cooTBeTCTByioinHX npaMbix h3 ;i;pyroro nynxa. 

JleMMa CojijiepTHHCKoro. /Jano npoeKmuenoe coomeemcmeue Meotcdy nyunaMU npMMUx 
[] u[]. Tozda ece mouKU P, HeAHWvuuecH nepeceuenueM coomeemcmeywmux npMMUx U3 nyuKoe 
[A] u [B\, npuHadAeotcam KOHUuecKOMy ceueHum (bosmomcho, eupootcdeHHOMy) . 

/(oKasameAbcmeo aemmu 2 (a). PaccMOTpnM npaMvio, npoxo;iain;yTO nepe3 TOHKy C n na- 
pajiJiejibnyio npaMoli AB. HycTb TO^iKa C ;i,BH>KeTca no STOii npaMoii. 06o3HannM TonKy 
nepecenenna nepnen^HKyjiapoB, BOCCTanoBJiennbix b TOHKax A m B k npaMbiM C'A n C'B, 
Mepe3 P'. OHeBHflHO, hto cooTBCTCTBHe AC — > BC uemffy npaMbiMH h3 nyMKOB [A] n [B] 
aBjiaeica npoeKTHBHbiM. CooTBeTCTBne AC — > AP' uemjiy npaMbiMH h3 ny^KOB [A] aBjia- 
GTca npoeKTHBiibiM, nocKOJTbKV yroji MejKfly jno6biMn ;i;ByMa cooTBeTCTByioinnMH npaMtiMii 
npaMoii. AiiajTornnno, cooTBeTCTBne BC BP' Mempj npaMbiMii H3 ny^KOB [B] aBJiaeT- 
ca npoGKTnBHbiM. SnannT, cooTBeTCTBne AP' — > BP' MejK^y npaMbiMH h3 nyHKOB [A] n [B] 
aBjiaeica npoeKTHBHbiM. 

no3TOMy H3 jieMMbi CojiJiepTHHCKoro cjieflyeT, hto tohkh P' jiejKaT na kohhrb (bo3mojkho, 
BbipojK/teHHOH). JlerKO y6eflHTca b tom, hto KpnBaa 7, no KOTopon /[BHJKeTca TOHKa P', ne 
aBJiaeTca BbipoiK^ennon KonnKon. /Jjia 3Toro ^ocTaTonno paccMOTpeTb naTb tohbk KpHBOii 7, 
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HHKaKHe TpH H3 KOTopbix He jiejKaT Ha oflHOH npsMOH. 3to tohkh a, B, ^Be TOHKH nepeceneHHa 
cepeflHHHoro nepnenflHKyjiflpa k oipeaKy AB c kphboh 7 (oflna h3 KOTopbix KoneMna, a flpyraa 
6ecK0HeMH0 y^ajiena) h npoHSBOJibHaa nsTaa TOHKa KpHBoii 7. 

3aMeTHM, HTO KpHBoii 7 npHHa7UTe>KHT poBHO 0/iHa SecKOHeMHO y/rajreHHaa To^ixa (sTa TOHxa 
aBJiaeTca nepeceneHHeM nepnen^HKyjiapoB, BOCCTanoBJieHHbix b TOMKax An B k OTpesKy AB). 
KoHHKa, KOTopoH npHHa^jiejKHT poBHO o;i;Ha 6ecK0HeHH0 y^ajiennaa TOHxa, aBJiaeica napa6o- 
jioii. SnaHHT, 7 aBjiaeica napa6ojiOH, ocb KOTopoii nepneHflHKyjiapna npaMoii AB. HocKOJibKy 
3Ta napa6ojia npoxo^HT ^epea tohkh A, B n P m ee ocb napajijiejibna och flaHHoii napa6ojibi, 
3Ta napa6ojia coBna^aeT c flaHHoii. HoaTOMy TOMKa C flBHJKeTca no npaMoii, napajuiejibHoii 
AB. 

JJoKaaameAbcmeo acmmu 2 (b). PaccMOTpHM cjiynaii, Korfla TonKa P naxo^HTca b toh me 
nojiynjiocKOCTH OTHOCHTejibHO npaMoii AB, hto h BepniHHa napa6ojibi (cjiynaii, Kor^a TOMKa P 
naxo^HTca b ^pyroii nojiynjiocKOCTH OTHOCHTejibHO npaMoii AB ^OKasbiBaeTca anajiornHHo). 
CepeflHHHbie nepneii^HKyjiapbi k OTpeaxaM AK h LB aBJiaiOTca cpe^HHMH jiHHHaMH Tpaneii;HH 
AKHC H BLHC . Cjie;],OBaTejibHO, ohh nepeceKaiOTca b cepe/iHne OTpeaxa HC . 

SnaHHT, cepeflHHa oipesKa HC coBnavT,aeT c to^koh O. OSoananHM npoen,Hio to^kh C 
Ha npaMyio AB Hepea S. H3 jieMMbi 2 (a) cjie^yeT, mto fljinna oipesKa CS He aaBHCHT ot 
HOJioiKeHHa TOHKH P Ha napa6ojie. 

06o3HaHHM cepeflHHy OTpeaxa AB nepea M. ToHKa O naxo^HTca na cepe^HHHOM nepnen- 
;iHKyjiape k OTpesKv AB, npn^ieM OM = 1/2CS. Cjie^OBaTejibHO, nojioiKeHHe tohkh O ne 
aaBHCHT OT BbiSopa tohkh P na napa6ojie. 

/J^OKaaameAbcmeo aemmu 2 (c). PaccMOTpHM TOHKy P = A. Tor;i;a npaiviaa AP 6yfleT 
KacaTejibHOH k napa6ojie b tohkb A. Ha Toro, hto npaMbie AO h AP nepneH;i;HKyjiapHbi h Tonxa 
O jiejKHT na cepeflHHHOM nepnenflHKyjiape k OTpesKy AB cjieflyeT, hto TOHKa O coBnafleT c 
n,eHTpoM OKpyiKHOCTH, Kacaiomeiica napa6ojibi b TOMKax A m B. 

Ha jieMMbi 2 (b) h BbimecKaaaHHoro cjie^iyeT, mto j^jisi nponaBOJibHoro nojio^Kenna tohkh P 
Ha napaSojie, TOHKa O aBJiaeTca n;eHTpoM OKpyjKHOCTH, Kacaiomeiica napaSojibi b TOHKax A h 
B. SnaHHT, OKpyjKHOCTb u coBna^acT c OKpyjKHOCTbio, Kacaiomeiica napa6ojibi b TOHKax A h 
B. 

/^OKaaaTejibCTBO jieMMbi 1. 

/^OKasameAbcmeo uacmu "moAhKO mo3da"AeMMU 1. OSosnaMHM npoeKij,Hio to^ikh na npa- 
Myio nepea a npoeKn,HH tohkh H na npaMbie AP n BP nepea K h L. HocKOJibKy Tpe- 
yrojibHHKH HPB h HPL no^o6Hbi h OKpyjKHOCTb, Kacaiomaaca napa6ojibi b TOHKax A n B, 
npoxoflHT Hcpea tohkh K L (sto cjie^ycT na nynKTa (c) jicmmm 2), to PH — V PL • PB. 
3nanHT, OTpeaoK PH panen fljinne KacaTejibnoii, nponeflennoii na tohkh P k OKpyjKnocTH, 
Kacaiomeiica napa6ojibi b TonKax A m B. 

/JoKaaameAbcmeo uacmu "mo2da"AeMMU 1. HpeflnojiojKHM npoTHBHoe. HycTb TO^Ka P ne 
jieiKnT na napaSojie, Kacaiomeiica OKpy>KnocTn b TonKax Am B, no paccToanne ot tomkh P flo 
npaMoii AB panno fljinne KacaTCJibnoii, nponeflennoii na tohkh P k OKpyjKnocTn. PaccMOTpnM 
cjiynaii, Kor^a TonKa P naxoflHTca b Toii jkc nojiynjiocKOCTn OTnocHTCJibno npaMoii AB, mto 
H Bepmnna napa6ojibi. OSoana^HM npoeKii;Hio tohkh P na npaMyio AB nepea H. 06o3HaHHM 
TOHKy nepeceHenna npaMoii PH c napaSo.Toii ^lepea P' . To^ikh P il P' paajiHMHbi, nocKOJibKy 
TOHKa P ne jicjkht na napa6ojie. HycTb PX n P'X' — OTpeaKH KacaTCJibHbix, npoBe;i;eHHbix na 
TonCK P m P' K OKpyjKnocTH. Tor^a PH — PX no ycjionnio. Ha nacTn "tojibko Tor^a" jicmmm 
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1 cjie^yeT, mo P'H — P'X' . 06o3HaHHM ii;eHTp h paflHyc OKpyjKHOCTH nepea I mr. 06o3HaHHM 
npoeKn,Hio tomkh I na npaMyio PH Hepea H'. Tor^a 

PH^ - P'H^ = PX^ - = (P/2 - r^) - {P'P - r') = PP - P'P = 

= PH'^ - P'H'^ = {PH + HH'f - {P'H + HH'f = 

= PH'^ - P'H^ + 2HH' ■ {PH - P'H). 

CjieflOBaTejibHO, 2HH' ■ {PH - P'H) = 0. Ho PH ^ P'H h HH' ^ 0, nocKOJibKy xop^a 
AB He HBJiaeTCH flHaMeipoM. HpoTHBopeHHe. Cjiynaii, Kor^a TOMKa P naxoflHTca b flpyroii 
nojiynjiocKOCTH OTHOCHTejiBHO npaMoii AB, flOKaabiBaeTca anajiorHMHO. 

^OKaaaTejibCTBa ocTajibHbix pesyjibTaTOB. 

/JoKasameAbcmeo CAedcmeuH 1. Cc|)opMyjTHpyeM cjTe;],yioiii;HH HSBecTHbiii 4)aKT. 

TeopeMa. HapadoAUHecKuu uemupexysoAbHUK HOAHemcH enucauHUM mosda u moAbKO mo- 
zda, Kozda ocu o6pa3y')oinux ezo napa6oA nepnenduKyAMpHU. 

Ac|)c|)HHHbiM npeo6pa30BaHHeM nepeBe^eM och napa6oji h flHaronajiH napa6ojiHHecKoro ne- 
TbipexyrojTbHHKa b jibq napbi nepnen/tHKyjiapHbix npaMbix. KaK H3BecTH0, npH npoHSBOJiBHOM 
a4)4)HHHO]vi npeoSpaaoBaHHH oSpaa och napa6ojibi napajijiejien och oSpaaa napaSojibi. SnannT, 
OCH o6pa3a Hapa6ojiHHecKoro neTbipexyrojibHHKa HepneH^HKyjiapHbi. HosTOMy h3 BbimenpH- 

BeflCHHOH TeOpCMbl H OCHOBHOH TeOpCMbl CJIC^yCT, HTO Hapa6ojiHHecKHH HCTbipexyrOJIbHHK HpH 

TaKOM npeo6pa30BaHHH nepexoflHT bo BHHcaHHO-onHcaHHbiii. 

/JoKaaamejibcnwo cnedcmeuH 2. OSoananHM tohkh nepeceneima SncceRTpncbi yrjia ALD c 
npaMbiMH BC H AD nepes M ii N. Totm BM/MC = LB/LC = AL/LD = AN/ND. Sna^HT, 
SHCCCKTpHCbi yrjiOB, o6pa30BaHHbix ^HaroHajiaMH BnncaHHoro HCTbipexyrojibHHKa aBjiaiOTca 
occBbiMH npaMbiMH 3Toro MCTbipexyrojibHHKa. HosTOMy h3 cjie^CTBHa 4 (flOKa3aTejibCTBO cm. 

HHJKb) BblTBKaeT CJie^CTBHB 2. 

/I^OKaaameAbcmeo CAedcmeuH 3. PaccMOTpHM cncTCMy KOopflnnaT b KOTopoii o^na h3 napa- 

60JI HMBBT ypaBHBHHB y = kx^ . 0603HaHHM KOOpflHHaTbl TOHBK A, B, C Jl D B 3T0H CHCT6MB 

H6pe3 {x2,y2), {x?,Aj?) H {x^^y^). Torfla yi = kxj, y2 = kxl, = kxl, = kxj. 

06o3HaHHM K034)4)Hn;H6HTbi k HpaMbix AB n CD HBpe3 ki m k2. Ho cjib^ctbhk) 2 ki = —k2. 
no3TOMy 

y2 - Vi _ k{xi + X2) _ -{ys - y^) _ -k{xz + xa) 
X2 — xi 2 xz — Xi 2 

k{xi + X2) -k{xz + Xi) AO nr> 

cJaMBTHM, HTO H aBJiaiOTca aDn;HCcaMH cbpb^hh otpb3kob AB vi CD b 

3aflaHH0H CHCTBMB Koop;],HHaT. OTCiofla cjiB/tyBT, HTO ocb Bbi6paHH0H napa6ojibi npoxo;],HT HepB3 

CBpB^HHy 0TpB3Ka, COBflHHaiOn];BrO CBpBflHHbl 0TPB3K0B AB m CD. n03T0My Ona HpOXOflHT 
HBpB3 n;BHTp TaJKBCTH HBTbipBXyrOJIbHHKa ABCD. To >KB CaMOB M05KH0 CKa3aTb H Hpo OCb 

flpyroii napa6ojibi. SnaHHT, och Hapa6oji ncpBCBKaiOTca b n,BHTpB TajKBCTH HBTbipsxyrojibHHKa 
ABCD. 

/(oKasameAbcmeo cnedcmeuH 4- PaccMOTpHM napa6ojiHnecKHH HBTbipexyrojibHHK c Bcp- 
niHHaMH B TOMKax A, B, C n D. Hcnojib3ya cjib^ctbhc 1, nepeBBflCM cooTBCTCTByion^Hii na- 
pa6ojiHHecKHH MBTbipexyrojibHHK BO BHHcaHHO-OHHcaHHbiH. Ero ocBBaa HpaMaa napajiJiBJibna 
OCH Hapa6ojibi, HBjTHK)ni,eHca o6pa30M hcxo;i,hoh napaSo.rrbi. CjiBflOBaTBJibHO, h ocBBaa HpaMaa 
HBTbipBxyrojibHHKa ABCD napajiJiBJibna och napaSojibi. 



6 



/JoKasamejibcmeo ymeepcHcdeHun 1. 06o3HaHHM tohkh KacaHna OKpyjKHOCTH c o^Hoii na- 
pa6ojiOH Mepe3 A\ n A2, co BTopoii — Hepea Bi m B2, c ipeTbeii — nepea Ci h C2. Ha jieMMbi 1 
cjieflyeT, hto rjiaBHbie flHaronajiH nojinoro onncaHHoro napa6ojiHHecKoro mecTHyrojibHHKa as- 
jTJiiOTCJi 6HCceKTpHcaMH TpevrojTbHHKa, o6pa30BaHHoro npaivibiMH A1A2, -B1-S2 h C'iC'2- SnaMHT, 
oim nepeceKaiOTCii b o^iioii to^ikb. 

/^OKasameAhcmeo meopeMU AnonHua u SacAaecKoso. J\oKameu siy TeopeMy fljia = 3. 
H3 flOKaaaTejibCTBa 6yfleT bu^ho, hto o5mHH cjiynaii ^OKaabiBaeTca anajiorHMHO. 
Cjie^yiomaa jieMMa oneBH^Ha. 

JleMMa. Hepea moHKy enympu OKpyotcHocmu npoeedenu dee xopdu. Tosda napa6oAa, na- 
cawmuecM OKpyofCHOcmu e Kouv^ax nepeou xopdu, u napa6oAa, KacamvuancH OKpyotcHocmu e 
KOHV^ax emopou xopdu, nepeceKawmcM e uemupex mouKax. 

Ha SToii .rreMMbi cjie/iyeT, ^to rjiaBHbie ^HaronajiH inecTHyrojibHHKa aBjiaiOTca SHCceKTpH- 
caMH yrjiOB, na KOTopbie xop^bi ^ejiaT njiocKOCTb. HoaTOiviy xop;i;bi h rjiaBHbie ;i,iiaroHajiii ^ejiaT 
njiocKOCTb Ha 12 paBHbix yrjiOB. PaccMOTpHM ^Be rjiaBHbie ^naronajiH mecTHyrojibHHKa, koh- 
ii;bi KOTopbix HpHHa^jiejKaT o^Hoii Hapa6ojie. Tor^a xop^a, npHHafljie5KaHi;aa 3toh Hapa6ojie, 
aBjiaeTca 6HCceKTpHC0H yrjia, oSpaaoBaHHoro sthmh ^HaroHajiaMH. Ha stofo h cjTe,T,CTBHa 2 
cjieflyeT, hto KOHiibi sthx rjiaBHbix /i;HaroHa.rreH, aBjiaromneca BepniHHaMH mecTHyro.rrbHHKa, 
jiejKaT Ha OKpy>KHOCTH. Mbi ^OKaaajiH, hto KOHn,bi j[io6bix flbyx rjiaBHbix flHaroHajiefi mecTH- 
yrojibHHKa jieiKaT Ha o^hoh OKpyjKHOCTH. HosTOMy Bce Bepmnnbi mecTHyrojibHHKa jie^KaT na 

OflHOH OKpyjKHOCTH. 

UoKaofceM, KaK momcho nocmpoumb c noMombw v^upKyAM u auheuku 6ecK0HeHH0 mhozo 
moueK napa6oAUHecK020 HemupexyzoAbuuKa c oepmuHaMU e uemupex dannux mouKax. Ha- 
BecTHO, HTO nepea neTbipe tohkh mojkiio npoBecTH TOJibKO flbe napaSojibi. HpHBe^eM n.rraii 
3Toro HOCTpoeHHa. OSoaHaHHM ^epea A^ C m D neibipe flannbie to^kh. HocTpoHM ^ne 
oceBbie HpaMbie MeTbipexyrojibHHKa ABCD. Ohh 6yflyT napajiJiejibHbi ocaM Hapa6oji, o6paay- 
lomHx Hapa6ojiHMecKHH MeTbipexyrojibHHK. 06oaHaMHM 3th napa6ojibi nepeapi vip2- HpoBefleM 
OKpyjKHOCTb ^lepea tohkh A, B ji C. lis cjie^CTBHa 2 cjTe;i;yeT, "^ito ecjin STa OKpyjKiiocTb h 
Hapa6ojTa pi (hjth p2) nepeceKaiOTca b neTupex TO^Kax, to npaivibie, coe^Hnaioiii,He sth toh- 
KH, o6paayiOT paBHbie yrjibi c oceBbiMii npaMbiMH neTbipexyrojibHHKa ABCD, cjie^OBaTejib- 
HO, MOJKHO HOCTpoHTb HeTBepiyio TOMKy HepeceMeHHa OKpy>KHOCTH c napaSojioii pi (hjih p2). 
TaKHM o6paaoM, nocTpoenbi naTb tohqk napa6ojibi pi (hjih p2). SnaMHT, mojkho nocipoHTb 
6ecK0HeHH0 MHoro Tonex, HpHHafljie5KaHi;Hx Hapa6ojiHHecKOMy neTbipexyrojibHHKy. 

B jiaro^apHOCTb . 

AbTop 6jTaro;i;apHT A. A. SacjiaBCKoro aa KOHCTpyKTHBHoe o6cy5K^eHHe pa6oTbi h A.B. Cko- 
HeHKOBa aa iiennbie aaMeManna npn no/iroTOBKe TexcTa. 

[1] A.B. AKOHan, A. A. SacjiaBCKHH. FeoMempuHecKue ceoucmea Kpueux emopozo nopjidna. 
M.: MD^HMO, 2007. English translation is in preparation. 

[2] C.B. MapKejiOB. napa6oAa KaK OKpyotCHOcmb. / / ^ecaiaa jieraaa KOHc|)epeHn,Ha Typ- 
HHpa ropoflOB. M.: MD;HM0, 1999. C. 36-42, 112-123. 
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